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Abstract. Inspired by the translational gauge structure of teleparallel gravity, the theory for
a fundamental massless spin-2 field is constructed. Accordingly, instead of being represented by
a symmetric second-rank tensor, the fundamental spin-2 field is assumed to be represented by a
spacetime (world) vector field assuming values in the Lie algebra of the translation group. The
flat-space theory naturally emerges in the Fierz formalism and is found to be equivalent to the
usual metric-based theory. However, the gravitationally coupled theory, with gravitation itself
described by teleparallel gravity, is shown not to present the consistency problems of the spin-2
theory constructed on the basis of general relativity.
1 Introduction
It is well known that higher (s > 1) spin fields, and in particular a spin-2 field, present
consistency problems when coupled to gravitation [1, 2]. The problem is that the divergence
identities satisfied by the field equations of a spin-2 field in Minkowski spacetime are no longer
valid when it is coupled to gravitation. In addition, the coupled equations are no longer gauge
invariant. The basic underlying difficulty is related to the fact that the covariant derivative of
general relativity—which defines the gravitational coupling prescription—is non-commutative,
and this introduces unphysical constraints on the spacetime curvature.
Due to the fact that linearized gravity represents a spin-2 field, the dynamics of a funda-
mental spin-2 field in Minkowski space, according to the usual approach [3], is expected to
coincide with the dynamics of a linear perturbation of the metric around flat spacetime:1
gµν = ηµν + ψµν . (1)
For this reason, a fundamental spin-2 field is usually assumed to be described by a rank-two,
symmetric tensor ψµν = ψνµ. However, conceptually speaking, this is not the most fundamental
notion of a spin-2 field. As is well known, although the gravitational interaction of scalar and
vector fields can be described in the metric formalism, the gravitational interaction of spinor
fields requires a tetrad formalism [4]. The tetrad formalism can then be considered to be
more fundamental than the metric formulation in the sense that it is able to describe the
gravitational interaction of both tensor and spinor fields. Accordingly, the tetrad field can be
said to be more fundamental than the metric.
1We are going to use the Greek alphabet µ, ν, ρ, . . . = 0, 1, 2, 3 to denote indices related to spacetime, also
known as world indices. The first half of the Latin alphabet a, b, c, . . . = 0, 1, 2, 3 will be used to denote algebraic
indices related to the tangent spaces, each one a Minkowski spacetime with metric ηab = diag(+1,−1,−1,−1).
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Relying on this property, instead of similar to a linear perturbation of the metric, a funda-
mental spin-2 field should be considered a linear perturbation of the tetrad field. Tetrads can
be better understood in the context of the tangent bundle. It is formed by spacetime (the base
space), and by all Minkowski tangent spaces (the fibers of the bundle) that exist attached to
each point of spacetime. Denoting a general tetrad field by haµ, the spacetime and the tangent
space metrics are related by
gµν = h
a
µh
b
ν ηab. (2)
Due to the existence of this relation between the fiber and the spacetime metrics, the tangent
bundle is said to be soldered [5]. In absence of gravitation the tetrad is trivial (closed 1-form),
and gµν represents the Minkowski metric in a general coordinate system.
Denoting by eaµ a trivial tetrad representing the Minkowski metric, a fundamental spin-2
field φaµ should therefore be defined by
haµ = e
a
µ + φ
a
µ. (3)
Since the tetrad is a translational-valued vector field, φaµ will also be a translational-valued
vector field,
φµ = φ
a
µ Pa, (4)
with Pa = ∂a the translation generators. Observe that, in the usual metric formulation of
gravity, the symmetry of the metric tensor eliminates six degrees of freedom of the sixteen
original degrees of freedom of gµν . In the tetrad formulation, on the other hand, local Lorentz
invariance is responsible for eliminating six degrees of freedom of the sixteen original degrees
of freedom of haµ, yielding the same number of independent components of gµν . Of course,
the same equivalence must hold in relation to the fields ψµν and φ
a
µ.
Now, as is well known, in teleparallel gravity the gravitational field is represented by a
translational gauge potential Bµ = B
a
µPa, which appears as the nontrivial part of the tetrad
field [6]. This means essentially that φaµ is similar to the gauge potential of teleparallel gravity.
Accordingly, its dynamics must coincide with the dynamics of linearized teleparallel gravity.
On account of these considerations, the purpose of this paper is to construct a teleparallel-based
field theory for a fundamental spin-2 field. This will be done according to the following scheme.
In section 2, for the sake of completeness, we review the basic notions of connections and frames.
In section 3, we give a brief description of teleparallel gravity, also known as teleparallel
equivalent of general relativity. Then, by using this theory as paradigm, we construct in
section 4 the field theory for a fundamental spin-2 field in flat spacetime. Owing to the
(abelian) gauge structure of teleparallel gravity, it naturally emerges in the Fierz formulation,
being quite similar to electromagnetism, a gauge theory for the U(1) group. In section 5,
by using the gravitational coupling prescription appropriate for a translational-valued vector
field, we obtain the corresponding spin-2 theory in the presence of gravitation. In addition to
present duality symmetry, it is gauge and local Lorentz invariant. This means that, even in the
presence of gravitation, φaµ has the correct number of independent components to represent a
massless spin-2 field. In section 6, we consider the spin-2 field as source of gravitation, and we
obtain the covariant conservation law of the true source of gravitation. Due to the fact that
the spin connection of teleparallel gravity represents inertial effects only—not gravitation—the
covariant derivative appearing in this conservation law is commutative. As a consequence, no
constraints on the background geometry show up, yielding a fully consistent gravitationally-
coupled spin-2 field theory. Finally, in section 7, we sum up the results obtained.
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2 Lorentz connections and frames
A basic ingredient of any relativistic theory is the spin connection Aµ, a connection assuming
values in the Lie algebra of the Lorentz group,
Aµ =
1
2
Aabµ Sab, (5)
with Sab = −Sba a given representation of the Lorentz generators. The corresponding Lorentz
covariant derivative is given by the Fock-Ivanenko operator Dµ [7], which acting on a Lorentz
vector field φa, for example, assumes the form
Dµφa = ∂µφa +Aabµ φb. (6)
Analogously to relation (2), to each spin connection Aabµ there corresponds a linear connection
Γρνµ given by [8]
Γρνµ = ha
ρ∂µh
a
ν + ha
ρAabµh
b
ν ≡ haρDµhaν . (7)
The inverse relation is
Aabµ = h
a
ν∂µhb
ν + haνΓ
ν
ρµhb
ρ ≡ haν∇µhbν , (8)
with ∇µ the covariant derivative in the connection Γνρµ. Relations (7) and (8) are different
ways of expressing the property that the total covariant derivative—that is, with connection
terms for both indices—of the tetrad vanishes identically:
∂µh
a
ν − Γρνµhaρ +Aabµhbν = 0. (9)
Since the last index of the spin connection is a tensorial index, one can write
Aabc = A
a
bµ hc
µ. (10)
The curvature and torsion of Aabµ are defined respectively by
Rabνµ = ∂νA
a
bµ − ∂µAabν +AaeνAebµ −AaeµAebν (11)
and
T aνµ = ∂νh
a
µ − ∂µhaν +Aaeνheµ −Aaeµheν . (12)
Using relations (7) and (8), they can be expressed in a purely spacetime form as
Rρλνµ = ∂νΓ
ρ
λµ − ∂µΓρλν + ΓρηνΓηλµ − ΓρηµΓηλν (13)
and
T ρνµ = Γ
ρ
µν − Γρνµ. (14)
A general Cartan connection Γρµν can always be decomposed in the form [5]
Γρµν =
◦
Γρµν +K
ρ
µν , (15)
where2
◦
Γσµν =
1
2
gσρ (∂µgρν + ∂νgρµ − ∂ρgµν) (16)
2All quantities related to general relativity will be denoted with an over “◦”.
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is the Levi-Civita connection, and
Kρµν =
1
2
(Tν
ρ
µ + Tµ
ρ
ν − T ρµν) (17)
is the contortion tensor. Using relation (7), the decomposition (15) can be rewritten as
Aabν =
◦
A
a
bν +K
a
bν , (18)
where
◦
Aabν is the spin connection of general relativity.
The quantities
ha = haµ dx
µ and ha = ha
µ ∂µ (19)
represent Lorentz frames. These frames are classified according to the value of the coefficient
of anholonomy f cab, which is defined by the commutation relation
[ha, hb] = f
c
ab hc. (20)
As a simple calculation shows, it is given by
facd = hc
µ hd
ν(∂νh
a
µ − ∂µhaν). (21)
For example, in special relativity, the class of inertial frames is defined by all frames for
which f cab = 0. They are called, for this reason, holonomic frames. The anholonomy of
these frames is entirely related to the inertial forces present in those frames. Starting with an
inertial frame, different classes of frames are obtained by performing local (point dependent)
Lorentz transformations. Inside each class, different frames are related through global (point
independent) Lorentz transformations. Similarly, in the presence of gravitation, there is also a
preferred class of frames: the class whose anholonomy is related to gravitation only, not with
inertial effects. This class of frames, therefore, reduces to the inertial class when gravitation
is switched off.
3 Fundamentals of teleparallel gravity
Teleparallel gravity corresponds to a gauge theory for the translation group. Its main property
is to be completely equivalent to general relativity. Although equivalent, however, the two
theories are conceptually different. In general relativity, curvature is used to geometrize the
gravitational interaction. In this theory, geometry replaces the concept of gravitational force,
and the trajectories are determined, not by force equations, but by geodesics. In teleparallel
gravity, on the other hand, gravitation is attributed to torsion, but in this case torsion accounts
for gravitation not by geometrizing the interaction, but by acting as a force. In consequence,
there are no geodesics in teleparallel gravity, but only force equations quite analogous to the
Lorentz force equation of electrodynamics [9]. This difference is consistent with the gauge
structure of teleparallel gravity.
One may wonder why gravitation has two equivalent descriptions. This duplicity is related
to universality of free fall. Gravitation has, like the other fundamental interactions of nature,
a description in terms of a gauge theory—just teleparallel gravity. Universality of free fall,
however, makes it possible a geometrized description, given by general relativity. As the sole
universal interaction of nature, it is the only one to allow a geometrical interpretation, and
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consequently two alternative descriptions. One may also wonder why a gauge theory for the
translation group, and not for other spacetime group. The reason is related to the source
of gravitation, that is, energy and momentum. As is well known from Noether’s theorem,
these quantities are conserved provided the source Lagrangian is invariant under spacetime
translations. It is then natural to expect that the gravitational field be associated to the
translation group. This is similar to the electromagnetic field, whose source—the electric four-
current—is conserved due to the invariance of the source Lagrangian under transformations of
the unitary group U(1), the gauge group of Maxwell’s theory.
A crucial point of teleparallel gravity is that, in the class of frames h′b which reduces to the
inertial class in absence of gravitation, its spin connection3 vanishes everywhere [6]:
•
A′abµ = 0. (22)
In a Lorentz rotated frame ha = Λab(x)h
′b, remembering that a general spin connection Aabµ
transforms according to
Aabµ = Λ
a
c(x)A
′c
dµ Λb
d(x) + Λac(x) ∂µΛb
c(x), (23)
it assumes the form
•
A
a
bµ = Λ
a
e(x) ∂µΛb
e(x). (24)
We see clearly from this expression that the teleparallel spin connection represents purely
inertial effects, not gravitation [10]. In fact, as an easy calculation shows, its curvature vanishes
identically:
•
R
a
bµν = 0. (25)
In the class of frames h′b, the tetrad of teleparallel gravity is written as
h′aµ = ∂µx
′a +B′aµ, (26)
where B′aµ is the translational gauge potential. In the general frame h
a, it assumes the form
haµ =
•
Dµxa +Baµ, (27)
where Baµ = Λ
a
bB
′b
µ, and
•
Dµxa = ∂µxa +
•
Aabµ x
b. (28)
For a tetrad with a non-trivial gauge potential Baµ, torsion is non-vanishing:
•
T
a
µν =
•
Dµhaν −
•
Dνhaµ 6= 0. (29)
This equation can be rewritten in the form
•
T
a
µν = h
a
λ
(
•
Γ
λ
νµ −
•
Γ
λ
µν
)
. (30)
where
•
Γ
λ
µν = ha
λ
•
Dνhaµ (31)
3All quantities related to teleparallel gravity will be denoted with an over “•”.
5
is the so-called Weitzenbo¨ck connection. In contrast to general relativity, therefore, in which
gravitation is represented by curvature, in teleparallel gravity it is represented by torsion.
Denoting h = det(haµ) and k = 8πG/c
4, the gravitational Lagrangian of teleparallel gravity
is written as [11]
•
L = h
4k
•
Sa
ρσ
•
T
a
ρσ, (32)
where
•
Sa
ρσ ≡ − k
h
∂
•
L
∂(∂σhaρ)
= ha
ν
(
•
K
ρσ
ν − δνσ
•
T
θρ
θ + δν
ρ
•
T
θσ
θ
)
(33)
is the superpotential, with
•
Kρσν the teleparallel contortion. Using relation (15) for the specific
case of teleparallel torsion, it is possible to verify that
•
L =
◦
L − ∂µ
(
2hk−1
•
T
νµ
ν
)
, (34)
where
◦
L = −
√−g
2k
◦
R, (35)
is the Einstein-Hilbert Lagrangian of general relativity. Up to a divergence, therefore, the
teleparallel Lagrangian is equivalent to the Einstein-Hilbert Lagrangian of general relativity.
Variation of the Lagrangian (32) yields the sourceless gravitational field equation, which in
teleparallel gravity appears naturally in the potential form [12],
∂σ(h
•
Sa
ρσ)− k h •aρ = 0, (36)
where
•
a
ρ ≡ − 1
h
∂
•
L
∂haρ
=
1
k
ha
λ
•
Sc
νρ
•
T cνλ − ha
ρ
h
•
L+ 1
k
•
Acaσ
•
Sc
ρσ (37)
is the gravitational energy-momentum pseudo-current. Through a lengthy, but straightforward
calculation, it is possible to show that
∂σ(h
•
Sa
ρσ)− k h •aρ = h
(
◦
Ra
ρ − 1
2
ha
ρ
◦
R
)
. (38)
As expected due to the equivalence between the corresponding Lagrangians, the teleparallel
field equation is equivalent to Einstein equation. Owing to the anti-symmetry of the su-
perpotential in the last two indices, the gravitational energy-momentum pseudo-current is
conserved in the ordinary sense:
∂ρ(h
•
a
ρ) = 0. (39)
Now, in teleparallel gravity, the gravitational energy-momentum pseudo-current can be
decomposed according to
•
a
ρ =
•
ta
ρ +
•
ıa
ρ, (40)
where
•
ta
ρ =
1
k
ha
λ
•
Sc
νρ
•
T
c
νλ −
ha
ρ
h
•
L (41)
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is a tensorial current that represents the energy-momentum of gravity alone [13], and
•
ıa
ρ =
1
k
•
Acaσ
•
Sc
ρσ (42)
is the energy-momentum current of inertia [10]. Of course, by its very nature, the latter is
non-covariant. Using the fact that
∂σ(h
•
Sa
ρσ)− •Acaσ(h
•
Sc
ρσ) ≡ •Dσ(h
•
Sa
ρσ), (43)
the field equation (36) can be rewritten in the form
•
Dσ(h
•
Sa
ρσ)− k h •taρ = 0. (44)
Then comes the crucial point: since the teleparallel spin connection (24) has vanishing
curvature, the corresponding Fock-Ivanenko derivative is commutative:
[
•
Dρ,
•
Dσ] = 0. (45)
Taking into account the anti-symmetry of the superpotential in the last two indices, it follows
from the field equation (44) that the tensorial current (41) is conserved in the covariant sense:
•
Dρ(h
•
ta
ρ) = 0. (46)
Of course, as it does not represent the total energy-momentum density—in the sense that the
energy-momentum density of inertia is not included—it does not need to be truly conserved.
4 Spin-2 field in flat spacetime
Using teleparallel gravity as paradigm, we proceed now to the construction of a theory for a
fundamental spin-2 field in flat spacetime.
4.1 Gauge transformations
In the inertial frame e′a, the tetrad describing the flat Minkowski spacetime is of the form
e′aµ = ∂µx
′a. (47)
A spin-2 field φ′aµ corresponds to a linear perturbation of this tetrad:
h′aµ = ∂µx
′a + φ′aµ. (48)
In this class of frames, therefore, the vacuum is represented by
φ′aµ = ∂µξ
a(x), (49)
with ξa(x) an arbitrary function of the spacetime coordinates xρ. In fact, such φ′aµ represents
simply a gauge transformation
x′a → x′a + ξa(x) (50)
of the tangent space (or fiber) coordinates. This means that the gauge transformation associ-
ated to the spin-2 field φaµ is
φ′aµ → φ′aµ − ∂µξa(x). (51)
Of course, h′aµ is invariant under such transformations.
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4.2 Field strength and Bianchi identity
The next step towards the construction of a field theory for φ′aµ is to define the analogous of
torsion:
F ′aµν = ∂µφ
′a
ν − ∂νφ′aµ. (52)
This tensor is actually the spin-2 field-strength. As can be easily verified, F ′aµν is gauge
invariant. Furthermore, it satisfies the Bianchi identity
∂ρF
′a
µν + ∂νF
′a
ρµ + ∂µF
′a
νρ = 0, (53)
which can equivalently be written in the form
∂ρ(ε
λρµν F ′aµν) = 0, (54)
with ελρµν the totally anti-symmetric, flat spacetime Levi-Civita tensor.
4.3 Lagrangian and field equation
Considering that the dynamics of a spin-2 field must coincide with the dynamics of linear grav-
ity, its Lagrangian will be similar to the Lagrangian (32) of teleparallel gravity. One has just
to replace the teleparallel torsion
•
T aµν by the spin-2 field strength
√
k F ′aµν . It is interesting
to notice that when we do that, the spin-2 analogous of the teleparallel superpotential
•
Saµν is
the Fierz tensor [14]
F ′aµν = e′aρK′µνρ − e′aν e′bρ F ′bµρ + e′aµ e′bρ F ′bνρ, (55)
with
K′µνρ = 12 (e′aν F ′aµρ + e′aρ F ′aµν − e′aµ F ′aνρ) (56)
the spin-2 analogous of the teleparallel contortion. Considering that in the absence of gravita-
tion det(e′aµ) = 1, the Lagrangian for a massless spin-2 field is
 L′ =
1
4
F ′aµν F ′aµν . (57)
By performing variations with respect to φaρ, we obtain
∂µF ′aρµ = 0. (58)
This is the field equation satisfied by a massless spin-2 field in Minkowski spacetime, as seen
from the inertial frame e′aµ. Notice that teleparallel gravity naturally yields the Fierz formu-
lation for a spin-2 field [15].
4.4 Duality symmetry
The spin-2 field can be viewed as an Abelian gauge field with the internal index replaced by
an external Lorentz index. Due to the presence of the tetrad, Lorentz and spacetime indices
can be transformed into each other. As a consequence, its Hodge dual will necessarily include
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additional index contractions in relation to the usual dual. Taking into account all possible
contractions, its dual turns out to be given by [16]
⋆F ′aµν =
1
2
ǫµνρσ F ′aρσ . (59)
Substituting the Fierz tensor (55), we find
⋆F ′aµν =
1
2
ǫµνρσ
(
F ′aρσ − e′aσe′bλ F ′bρλ + e′aρe′bλ F ′bσλ
)
. (60)
Let us now consider the Bianchi identity (54). Written for the dual of F aµν , it reads
∂ρ(ε
λρµν ⋆F ′aµν) = 0. (61)
Substituting ⋆F ′aµν as given by Eq. (59), we get
∂ρF ′aµρ = 0, (62)
which is the field equation (58). We see in this way that, provided the generalized Hodge
dual (59) for soldered bundles is used, the spin-2 field has duality symmetry. This is actually
an expected result because the dynamics of a spin-2 field must coincide with the dynamics of
linear gravity, which has already been shown to present duality symmetry [17]. We remark
finally that, in the usual Fierz formulation of a spin-2 field, identity (54) has to be put by hand
in order to get the correct number of equations [18]. In the present formulation it appears
as a consequence of considering the spin-2 field as a perturbation of the tetrad instead of the
metric.
4.5 Passage to a general frame
In a Lorentz rotated frame ea = Λab(x) e
′a, the tetrad assumes the form
eaµ ≡
•
Dµxa = ∂µxa +
•
A
a
bµ x
b. (63)
In this frame, the vacuum of φaµ turns out to be represented by
φaµ =
•
Dµξa(x), (64)
whereas the gauge transformations assume the form
φaµ → φaµ −
•
Dµξa(x). (65)
The field strength (52), on the other hand, becomes
F aµν =
•
Dµφaν −
•
Dνφaµ. (66)
Accordingly, the Bianchi identity reads
•
DρF aµν +
•
DνF aρµ +
•
DµF aνρ = 0, (67)
which is equivalent to
•
Dρ(ελρµν F aµν) = 0. (68)
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Analogously, the Fierz tensor turns out to be
Faµν = eaρKµνρ − eaν ebρ F bµρ + eaµ ebρ F bνρ. (69)
Now, as a simple inspection shows, the Lagrangian (57) is invariant under local Lorentz trans-
formations, that is,
 L′ ≡  L = 1
4
Faµν F aµν . (70)
The corresponding field equation,
•
DµFaρµ ≡ ∂µFaρµ −
•
AbaµFbρµ = 0, (71)
represents the field equation satisfied by a massless spin-2 field in Minkowski spacetime, as
seen from the general frame eaµ. It is clearly invariant under the gauge transformation (65). It
is important to observe that the theory has twenty two constraints: sixteen of the invariance
under the gauge transformations (51), and six from the invariance of the Lagrangian  L under
local Lorentz transformations. The twenty four original components of the Fierz tensor are
then reduced to only two, as appropriate for a massless spin-2 field.
4.6 Relation to the metric approach
Let us consider the inertial frame e′a endowed with a cartesian coordinate system. In this case all
connections vanish, and according to Eq. (9) the tetrad e′aµ satisfies the condition ∂ρe
′a
µ = 0.
Using this tetrad, we can define φ′ρµ := e
′
a
ρ φ′aµ. Since φ
′ρ
µ is not in principle symmetric,
the perturbation of the metric—which is usually supposed to represent a fundamental spin-2
field—is to be identified with the symmetric part of φ′ρµ:
ψρµ = φ
′ρ
µ + φ
′
µ
ρ. (72)
It is then easy to see that, in terms of ψρµ, the gauge transformation (51) acquires the form,
ψρµ → ψρµ − ∂ρξµ(x)− ∂µξρ(x), (73)
where ξµ(x) = ξa(x) e′a
µ. The Bianchi identity (53), on the other hand, is seen to be trivially
satisfied, whereas the field equation (58) assumes the form
 (δµλ ψ − ψµλ)− ∂λ∂µ ψ − δµλ ∂ν∂ρ ψνρ + ∂ν∂µ ψνλ + ∂λ∂ρ ψρµ = 0, (74)
with ψ = ψαα. This is precisely the linearized Einstein equation [1], which means that in
absence of gravity the teleparallel-based approach is totally equivalent to the usual general
relativity-based approach to the spin-2 field. This means that φaρ and ψµν are the same
physical field, which in the massless case is well known to represent waves with helicity 2. The
teleparallel approach, however, is much more elegant and simple in the sense that it is similar to
the spin-1 electromagnetic theory—an heritage of the (abelian) gauge structure of teleparallel
gravity. In addition, it allows for a precise distinction between gauge transformations—local
translations in the tangent space—and spacetime coordinate transformations. Furthermore, in
contrast to the usual metric approach, the field φaρ, as well as its gauge transformations, are
not restricted to be infinitesimal.
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5 Spin-2 field in the presence of gravitation
5.1 Gravitational coupling prescription
In absence of gravitation, as we have seen in the previous section, the algebraic index of φaρ
can be transformed into a spacetime index through contraction with the tetrad field, and vice-
versa. In the presence of gravitation, this index transformation can lead to problems with
the coupling prescription. To begin with we note that, because φaρ is a vector field assuming
values in the Lie algebra of the translation group, φρ = φ
a
ρPa, the algebraic index “a” is not
an ordinary vector index. It is actually a gauge index which, due to the “external” character of
translations, happens to be similar to the usual, true vector index “ρ”. To understand better
this difference, let us consider a scalar field φ. As is well known, its gravitational coupling
prescription is trivial:
∂µφ→ ∂µφ. (75)
Its interaction with gravitation comes solely from the tetrad replacement
eaµ → haµ = eaµ +Baµ, (76)
or equivalently, from the metric replacement
ηµν = e
a
µe
b
ν ηab → gµν = haµhbν ηab. (77)
The crucial point is to note that this is true independently of whether the scalar field is or is
not a translational-valued field φ = φaPa. We see in this way that translational gauge indices
are irrelevant for the gravitational coupling prescription.
Based on the above considerations, in the class of frames h′a in which the inertial connection
•
Aabµ vanishes, the gravitational coupling prescription of the spin-2 field φρ = φ
a
ρPa is written
in the form
∂µφ
′
ρ → ∂µφ′ρ −
(
•
Γλρµ −
•
Kλρµ
)
φ′λ. (78)
In components, it reads
∂µφ
′a
ρ → ∂µφ′aρ −
(
•
Γ
λ
ρµ −
•
K
λ
ρµ
)
φ′aλ. (79)
Of course, because of the identity
•
Γλρµ −
•
Kλρµ =
◦
Γλρµ, (80)
with
◦
Γλρµ the Levi-Civita connection of the metric gµν , this coupling prescription coincides
with the coupling prescription of general relativity. This is a key point of the equivalence
between general relativity and teleparallel gravity [19].
Let us consider now the coupling prescription in an arbitrary frame. Under a local Lorentz
transformation, the ordinary derivative of φ′aρ transforms according to
∂µφ
′a
ρ →
•
Dµφaρ = ∂µφaρ +
•
Aabµ φ
b
ρ. (81)
In a general Lorentz frame, therefore, the gravitational coupling prescription of a fundamental
spin-2 field φaρ is written as
∂µφ
a
ρ → ∂µφaρ +
•
A
a
bµ φ
b
ρ −
(
•
Γ
λ
ρµ −
•
K
λ
ρµ
)
φaλ. (82)
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This coupling prescription provides different connection-terms for each index of φaρ: whereas
the algebraic index is connected to inertial effects only, the spacetime index is connected to the
gravitational coupling prescription. It constitutes one of the main differences of the teleparallel-
based approach in relation to the usual metric approach based on general relativity. In fact,
the latter considers both indices of the spin-2 variable ψµν on an equal footing, leading to a
coupling prescription that breaks the gauge invariance of the spin-2 theory. It is important to
note that, as a simple inspection shows, the coupling prescription (82) cannot be rewritten in
terms of the connections
◦
Aabµ and
◦
Γλρµ of general relativity.
5.2 Field strength and Bianchi identity
Let us now apply the gravitational coupling prescription (82) to the free theory. To begin
with we notice that, because the gauge parameter ξa has an algebraic index only, the gauge
transformation (65) does not change in the presence of gravitation:
φaµ → φaµ −
•
Dµξa(x). (83)
On the other hand, considering that the connection (80) is symmetric in the last two indices,
we see that the field strength F aµν does not change in the presence of gravitation:
F aµν =
•
Dµφaν −
•
Dνφaµ. (84)
Due to the fact that the teleparallel Fock-Ivanenko derivative
•
Dµ is commutative, the Bianchi
identity also remains unchanged,
•
DρF aµν +
•
DνF aρµ +
•
DµF aνρ = 0. (85)
Since ελρµν is a density of weight ω = −1, in the presence of gravitation the Levi-Civita tensor
is given by hελρµν , and the Bianchi identity can be rewritten in the form
•
Dρ(h ελρµν F aµν) = 0. (86)
This is similar to what happens to the electromagnetic field in the presence of gravitation.
5.3 Lagrangian and field equation
Analogously to the flat background case, the Lagrangian of the spin-2 field in the presence of
gravitation can be obtained from the teleparallel Lagrangian (32) by replacing the teleparallel
torsion
•
T aµν by the spin-2 field strength
√
k F aµν . The result is
L = h
4
Faµν F aµν , (87)
where
Faµν = haρKµνρ − haµ hbσF bνσ + haν hbσF bµσ (88)
is the gravitationally-coupled Fierz tensor, with
Kµνρ = 12 (haν F aµρ + haρ Faµν − haµ F aνρ) (89)
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the corresponding spin-2 analogous of the coupled contortion. We notice in passing that this
Lagrangian is invariant under the gauge transformation (65). It is furthermore invariant under
local Lorentz transformation h′aµ = Λ
a
b(x)h
a
µ of the frames.
Performing variations in relation to φaρ, we get
•
DµFaρµ + (
•
Γ
µ
νµ −
•
K
µ
νµ)Faρν = 0. (90)
Using the identity
∂µh = h
◦
Γµλµ ≡ h
(
•
Γµλµ −
•
Kµλµ
)
, (91)
it can be rewritten in the form
•
Dµ(hFaρµ) = 0. (92)
This is the field equation of a fundamental spin-2 field in the presence of gravitation, as
seen from the general frame haµ. It can also be obtained from the free field equation (71)
by applying the gravitational coupling prescription (82). It is important to remark that, on
account of the commutativity of the covariant derivative
•
Dµ, the gravitationally-coupled theory
is gauge invariant and, like the free theory, has the correct number of independent components.
6 Spin-2 field as source of gravitation
Let us consider now the total Lagrangian
Lt =
•
L+ L, (93)
where
•
L is the teleparallel Lagrangian (32), and L is the Lagrangian (87) of a spin-2 field in
the presence of gravitation. The corresponding field equation is
∂σ(h
•
Sa
ρσ)− k h (•taρ + •ıaρ) = k h θaρ, (94)
where
•
ta
ρ is the gravitational energy-momentum tensor,
•
ıa
ρ is the energy-momentum pseu-
dotensor of inertia, and
θa
ρ ≡ −1
h
δL
δhaρ
= ha
ν Fcµρ F cµν − ha
ρ
h
L (95)
is the spin-2 field source energy-momentum tensor. Observe that
θρ
ρ ≡ haρ θaρ = 0, (96)
as it should be for a massless field. Furthermore, from the invariance of L under general
coordinate transformation, it is found to satisfy the usual (general relativity) covariant conser-
vation law [20]
◦
Dρ(hθaρ) ≡ ∂ρ(hθaρ)−
◦
A
b
aρ (hθb
ρ) = 0. (97)
Due to the anti-symmetry of the superpotential in the last two indices, we see from the field
equation (94) that the total energy-momentum density is conserved in the ordinary sense:
∂ρ[h(
•
ıa
ρ +
•
ta
ρ + θa
ρ)] = 0. (98)
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The field equation (94) can be rewritten in the form
∂σ(h
•
Sa
ρσ)− k h •ıaρ = k h (
•
ta
ρ + θa
ρ), (99)
where the right-hand side represents the true gravitational field source. We recall that the
energy-momentum density of inertia, although entering the total energy-momentum conserva-
tion, is not source of gravitation, and accordingly must remain in the left-hand side of the field
equation. Now, as already discussed in section 3, the two terms on the left-hand side form a
covariant derivative. This allows the field equation (99) to be rewritten in the form
•
Dσ(h
•
Sa
ρσ) = k h (
•
ta
ρ + θa
ρ). (100)
Considering that the covariant derivative
•
Dρ is commutative, the true source of gravitation is
found to be conserved in the covariant sense:
•
Dρ[h(
•
ta
ρ + θa
ρ)] = 0. (101)
This property ensures the consistency of the theory in the sense that no constraints on the
background spacetime geometry show up.
7 Final remarks
Due to the fact that it describes the gravitational interaction through a geometrization of
spacetime, general relativity is not, strictly speaking, a field theory in the usual sense of
classical fields. On the other hand, owing to its gauge structure, teleparallel gravity does not
geometrize the gravitational interaction, and for this reason it is much more akin to a field
theory than general relativity. When looking for a field theory for the spin-2 field, therefore,
it seems far more reasonable to use teleparallel gravity as paradigm. Accordingly, instead
of a symmetric second-rank tensor ψµν , the spin-2 field is assumed to be represented by a
spacetime (world) vector field assuming values in the Lie algebra of the translation group. Its
components φaµ, like the gauge potential of teleparallel gravity (or the tetrad), represent a set
of four spacetime vector fields.
In absence of gravitation, the resulting spin-2 field theory naturally emerges in the Fierz
formalism, and turns out to be structurally similar to electromagnetism, a gauge theory for the
U(1) group. In fact, in addition to satisfy a dynamic field equation, the spin-2 field is found
to satisfy also a Bianchi identity, which is related to the dynamic field equation by duality
transformation. Furthermore, the gauge and the local Lorentz invariance of the theory provide
the correct number of independent components for a massless spin-2 field. Upon contraction
with the tetrad, the translational-valued field can be transformed into a symmetric second-rank
tensor field, in which case the theory reduces to the usual metric-based spin-2 theory already
discussed in the literature [2]. This shows that φaµ and ψµν represent the same physical field,
and that both approaches are equivalent in absence of gravitation. The teleparallel-based
construction, however, can be considered to be more elegant in the sense that it has a gauge
structure, it presents duality symmetry, and it allows for a precise distinction between gauge
transformations—local translations in the tangent space—and spacetime coordinate transfor-
mations. Furthermore, similar to electromagnetism, neither φaρ nor its gauge transformations
are restricted to be infinitesimal.
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In the presence of gravitation, the teleparallel-based approach differs substantially from the
usual metric approach. The reason is that the index “a” of the translational-valued field φaρ is
not an ordinary vector index, but a gauge index. As such, it is irrelevant for the gravitational
coupling prescription, as discussed in section 5.1. This point is usually overlooked in the metric
approach, which considers both indices of the spin-2 field ψµν on an equal footing. As a result,
the ensuing gravitational coupling prescription is found to break the gauge invariance of the
theory. When the correct coupling prescription is used, a sound gravitationally-coupled spin-
2 field theory emerges, which is quite similar to the gravitationally-coupled electromagnetic
theory. Furthermore, it is both gauge and local Lorentz invariance, and it preserves the duality
symmetry of the free theory.
As we have seen, the gravitational field equation of teleparallel gravity can be written in
the form
•
Dσ(h
•
Sa
ρσ) = k h (
•
ta
ρ + θa
ρ), (102)
where the right-hand side represents the true source of gravitation—the sum of the gravitational
and the source energy-momentum tensors. The inertial energy-momentum density, which is not
source of gravitation, is implicit in the covariant derivative of the left-hand side—as can be seen
from Eq. (43). A crucial point of this equation is that, owing to the fact that the teleparallel
spin connection
•
Aabµ is purely inertial, the covariant derivative
•
Dσ is commutative. Taking
into account the anti-symmetry of the superpotential in the spacetime indices, we obtain the
divergence identity
•
Dρ
•
Dσ(h
•
Sa
ρσ) = 0, (103)
which is consistent with the covariant conservation law (101). This property, together with
the gauge and local Lorentz invariance, render the gravitationally-coupled spin-2 theory fully
consistent. In the context of general relativity, whose spin connection represents both inertia
and gravitation, the inertial part of the gravitational energy-momentum pseudotensor cannot
be separated, and consequently the gravitational field equation cannot be written in a form
equivalent to (102). In the context of general relativity, therefore, no consistent gravitationally-
coupled spin-2 field theory can be obtained.
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